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Abstract
We discuss quantum fluctuations of a class of rotating strings in AdS5×S5. In particular, we
develop a systematic method to compute the one-loop sigma-model effective actions in closed
forms as expansions for large spins. As examples, we explicitly evaluate the leading terms
for the constant radii strings in the SO(6) sector with two equal spins, the SU(2) sector, and
the SL(2) sector. We also obtain the leading quantum corrections to the space-time energy
for these sectors.
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1 Introduction
To better understand dynamical aspects of the AdS/CFT correspondence, one may need
studies beyond the BPS sectors. An important step toward this direction was made in [1].
Rotating strings in AdS5×S5 provide its generalizations, where deeply non-BPS sectors can
be probed [2]-[9]. (For a review, see [10, 11].) In particular, for a certain class of rotating
strings, one can find an exact agreement between unprotected quantities on the string and
the gauge theory sides, which is not necessarily guaranteed by the AdS/CFT correspondence.
Moreover, the correspondence has been extended, in a unified manner, to that of effective
theories or general solutions [12]-[15].
A clue for understanding this agreement may be the integrable structures on both sides
(see, e.g., [3, 8], [14]-[20]). A role of a certain asymptotic (“nearly”) BPS condition has also
been pointed out [21]. For large spins, the world-sheets of the rotating strings form nearly
null surfaces and the strings become effectively tensionless [21, 22], which intuitively means
that the constituents of the strings appear to be free [23]. However, we do not yet know why
we find the exact agreement, and why it starts to break down at a certain level [24].
In this development, the analysis on the string side tends to be classical because of
difficulties in the quantization, despite that information of the quantized strings is necessary
to complete the correspondence. This contrasts with detailed quantum analysis on the gauge
theory side [11]. As for the quantum aspects of the rotating strings,1 the one-loop sigma-
model fluctuations and their stability have been studied for the “constant radii” strings
[4, 20, 29]. Based on these results, the one-loop corrections to the space-time energy have
been studied numerically for the SO(6) and the SU(2) sectors with two equal spins [30], and
for the SL(2) sector [31]. Furthermore, the leading correction for the SL(2) sector has been
matched in a closed form with the finite size correction of the anomalous dimension on the
gauge theory side [32]. This result can also be extrapolated to the SU(2) sector (with two
equal spins), up to subtleties of instability.
In this paper, we discuss quantum fluctuations of the rotating strings in AdS5 × S5. In
particular, we develop a systematic method to compute the one-loop sigma-model effective
actions and the corrections to the space-time energy in such backgrounds, so that they are
obtained in closed forms as expansions for large spins. As examples, we consider the constant
radii strings in the SO(6) sector with two equal spins, the SU(2) sector, and the SL(2) sector,
and explicitly evaluate the leading terms in the expansion. We note that it is in principle
possible to carry out the expansion up to any given order. The asymptotic BPS condition and
the effective tensionless limit seem to be characteristic of the correspondence and useful for
understanding the string in AdS5 × S5 itself. However, their consequences for the quantum
string have not been investigated well. Through concrete computations, we can see how they
work to make the quantum corrections subleading for large spins.
1For related works, see, e.g., [25]-[28].
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The organization of this paper is as follows. In section 2, we summarize necessary ingre-
dients to discuss the one-loop fluctuations of strings in AdS5 × S5. In section 3, we discuss
the quadratic fluctuations of the constant radii strings in the SO(6) sector with two equal
spins. We evaluate the fluctuation operators in rotated functional bases, so that the expan-
sion for large spins becomes well-defined. In the course, we obtain the fermionic fluctuation
operator for the generic SO(6) sector. In section 4, we develop a large J (total spin) expan-
sion of the one-loop effective action. We explicitly evaluate the leading term for large J (up
to and including O(1/J)) in a closed form. Essentially the same procedures are applied to
other sectors in the following sections. We briefly summarize the results for the SU(2) sector
in section 5, and for the SL(2) sector in section 6. At the leading order, all the one-loop
effective actions take a universal form, which is proportional to a geometric invariant. In
section 7, from the one-loop effective actions, we read off the corrections to the space-time
energy up to and including O(1/J2). Comparing the results with the finite size corrections
to the anomalous dimension on the gauge theory side [32]-[36], we find that the dependence
on the winding numbers and the filling fractions agree with that of the “non-anomalous”
(zero-mode) part on the gauge theory side. Relation to the earlier results in the literature is
also discussed. We conclude in section 8. In the appendix, we summarize how to evaluate a
constant which appears in the expression of the one-loop effective actions.
2 Preliminaries
We consider one-loop sigma-model fluctuations of a certain class of rotating strings in
type IIB theroy. Here, we summarize our notation and ingredients used in the following
sections.
Coordinates
The metric of AdS5 × S5 takes a form
ds2 = Gµνdx
µdxν = ds2AdS5 + ds
2
S5 ,
−ds2AdS5 = dρ2 − cosh2 ρ dt2 + sinh2 ρ (dθ2 + cos2 θ dφ24 + sin2 θ dφ25) , (2.1)
−ds2S5 = dγ2 + cos2 γ dφ23 + sin2 γ (dψ2 + cos2 ψ dφ21 + sin2 ψ dφ22) .
To express the rotating string solutions, it is useful to introduce complex variables Zr (r =
0, ..., 5), so that AdS5 and S
5 are expressed as hypersufaces in flat spaces, |Z0|2−|Z4|2−|Z5|2 =
1 and |Z1|2 + |Z2|2 + |Z3|2 = 1, respectively. In terms of the above coordinates, one can set
Zr = are
iφr , (2.2)
with φ0 = t and
a1 = sin γ cosψ , a2 = sin γ sinψ , a3 = cos γ ,
a4 = sinh ρ cos θ , a5 = sinh ρ sin θ , a0 = cosh ρ .
(2.3)
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Bosonic fluctuation
In the conformal gauge, the bosonic part of the world-sheet action is given by
SB = −
√
λ
4π
∫
dτdσ ηijGµν∂ix
µ∂jx
ν , (2.4)
where i, j = (τ, σ), and ηττ = −ησσ = +1. A simple way to obtain the fluctuation Lagrangian
is the geodesic expansion [37]. Introducing a vector ya in the tangent space of the space-time,
the quadratic fluctuation Lagrangian is given by
L
(2)
B = −
1
2
ηabDiy
aDiyb − 1
2
yaybecie
i dRacbd . (2.5)
ηab is the flat ten-dimensional metric with mostly minus signatures. Di and e
a
i are the
projections of the covariant derivative Dµ and the vielbein e
a
µ, respectively; for example,
(Diy)
a = ∂ix
µ(∂µ+ω
a
µ,b )y
b with ωµ,ba the connection one-form. For AdS5×S5, the curvature
Rabcd is simple:
Rabcd = ∓(ηacηbd − ηadηbc) , (2.6)
with the minus sign if all indices (a, b, c, d) correspond to AdS5 and the plus sign if (a, b, c, d) to
S5; otherwise it vanishes. In term of the global coordinate system in (2.1), the non-vanishing
ωi,ab(= ∂ix
µωµ,ab) are, up to the anti-symmetry,
ωi,θρ = cosh ρ∂iθ , ωi,tρ = − sinh ρ∂it , ωi,φ4ρ = cosh ρ cos θ∂iφ4 ,
ωi,φ4θ = − sin θ∂iφ4 , ωi,φ5ρ = cosh ρ sin θ∂iφ5 , ωi,φ5θ = cos θ∂iφ5 ,
ωi,ψγ = cos γ∂iψ , ωi,φ3γ = − sin γ∂iφ3 , ωi,φ1γ = cos γ cosψ∂iφ1 ,
ωi,φ1ψ = − sinψ∂iφ1 , ωi,φ2γ = cos γ sinψ∂iφ2 , ωi,φ2ψ = cosψ∂iφ2 .
(2.7)
Fermionic fluctuation
To study the fermionic fluctuations, we use the quadratic fermionic part of the type IIB
Green-Schwarz (GS) action on AdS5×S5 [38]. Following the notation in [39], it is expressed
as
L
(2)
F = iθ
IP ijIJDijJKθK , (2.8)
DijJK = σˆi
[
(∂j − 1
4
ωj,abσ
ab)δJK − 1
4 · 480Fabcdeσ
abcdeσˆj(ρ0)JK
]
,
P ijIJ = η
ijδIJ + ǫ
ij(ρ3)IJ , σˆj = e
a
j σ¯a , ǫ
01 = +1 ,
ρ0 =
(
0 1
−1 0
)
, ρ3 =
(
1 0
0 −1
)
.
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Here, (θI)α (I = 1, 2) are ten-dimensional Majorana-Weyl spinors with 16 components;
(σ¯a)αβ, (σ
a)αβ are 16 × 16 gamma matrices in ten dimensions; their anti-symmetrization
is given, e.g., by σab = (σaσ¯b − σbσ¯a)/2, σ¯ab = (σ¯aσb − σ¯bσa)/2. If we label the AdS5 and S5
parts by a, b = (0, 6, 7, 8, 9) and (1, 2, 3, 4, 5), respectively, the non-vanishing components of
the five-form are F06789 = F12345 = 4.
The GS action has the κ-symmetry, the relevant part of which is now
δκϑ
α = (σˆi)
αβηijκjβ , (2.9)
where ηijκjβ = ǫ
ij κ¯jβ, ϑ = θ
1+ iθ2 and κjβ = κ
1
jβ+ iκ
2
jβ. Following [29], we fix this symmetry
by setting
θ1 = θ2 . (2.10)
One can check that this gauge is actually possible for the backgrounds which we consider in
the following sections. In this gauge, the form of the quadratic Lagrangian is simplified to
L
(2)
F = 2iθ
1DFθ
1 ,
DF = η
ijσˆi(∂j − 1
4
ωj,abσ
ab)− 1
2
ǫij σˆiσ∗σˆj , (2.11)
where σ∗ ≡ σ06789 = σ12345.
3 Three-spin rotating string in S5
In this paper, we consider classes of the “constant radii” solutions [10], in which ar in
(2.2) are constant. Bearing in mind possible extensions to more general cases, we develop a
method to compute one-loop effective actions in a large-spin expansion. In this and the next
sections, we discuss it in some detail for the constant radii strings with three spins in S5, i.e.,
in the SO(6) sector. We apply this method to other cases later.
3.1 Solution
The solution which we consider is
Z0 = e
iκτ , Zs = as e
i(wsτ+msσ) , (3.1)
where s = 1, 2, 3; κ, as, ws are constant with Σsa
2
s = 1; ms are integers (when the period
of σ is 2π). Other fields including fermionic ones vanish. The equations of motion and the
Virasoro constraints give
w2s = ν
2 +m2s (if as 6= 0) ,
κ2 =
∑
a2s(w
2
s +m
2
s) , 0 =
∑
a2swsms , (3.2)
4
with ν a constant. Classically, the space-time energy and the three spins in S5 are given by
E =
√
λκ , Js =
√
λa2sws , (3.3)
where
√
λ = R2/α′ and R is the radius of AdS5 × S5.
When J1 = J2 and m3 = 0, the parameters of the solution become
w1 = w2 ≡ w , m1 = −m2 ≡ m, a1 = a2 = sγ/
√
2 ,
w3 = ν , m3 = 0 , a3 = cγ , (3.4)
w2 = ν2 +m2 , κ2 = ν2 + 2m2s2γ ,
where sx ≡ sin x, cx ≡ cosx. In the following, we call this simplified solution the J1 = J2
three-spin solution. The point-like (BMN) solution in [1] is also obtained by setting a1,2 =
w1,2 = m1,2 = m3 = 0 in (3.1) and (3.2).
3.2 Bosonic fluctuation
Now, let us consider the bosonic fluctuations around the three-spin solution in (3.1).
Substituting the solution into (2.5), one finds that the fluctuations in the AdS5 and the S
5
parts decouple. The contribution to the one-loop effective action from the AdS5 part is then
represented by the determinant of the quadratic operator,
DBpq = −ηpq∂2 + κ2Rptqt , (3.5)
where p, q = (t, ρ, θ, φ4, φ5) or (0, 6, 7, 8, 9), and ∂
2 = ηij∂i∂j . This operator describes one
time-like massless boson and four space-like bosons with mass squared κ2, as in the BMN
case. Taking the determinant with respect to the tangent space indices gives
detDBpq = −∂2(∂2 + κ2)4 . (3.6)
For the S5 part, the quadratic term of the connection one-form and the curvature term
cancel each other, to give
DBmn = δmn∂
2 + 2(ωτ,mn∂τ − ωσ,mn∂σ) , (3.7)
detDBmn = ∂
2
[
(∂2)4 +
(
Σ3s=1(1− a2s)Ω2s
)
(∂2)2 + (a21Ω
2
2Ω
2
3 + a
2
2Ω
2
3Ω
2
1 + a
2
3Ω
2
1Ω
2
2)
]
,
where m,n = (φ1, φ2, φ3, ψ, γ) or (1, 2, 3, 4, 5), and
Ωs = 2(ws∂τ −ms∂σ) . (3.8)
This determinant has been obtained in [20]. Note that we have assumed here that none of
as vanishes in order to use the constraints w
2
s = ν
2 +m2s.
Change of functional bases
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Later, we explicitly evaluate the functional determinant in a large J(=
∑
Js) expansion.
It turns out that detDBmn in (3.7) has an inappropriate infrared behavior for this purpose.
Here, we make an SO(5) rotation to avoid it, concentrating on the J1 = J2 three-spin solution
with (3.4).
First, we take an orthogonal matrix,
Qmn =
1√
2v


sγν v 0 cγw 0
sγν −v 0 cγw 0√
2cγw 0 0 −
√
2sγν 0
0 0
√
2v 0 0
0 0 0 0 −√2v


, (3.9)
with v2 = w2−M2 andM2 = s2γm2. By a change of bases using Qmn, the connection one-form
is brought into a standard form. Namely, defining ωˆi,mn ≡ Qkmωi,klQl n, we find that
ωˆτ,mn =


0
p(−w)
p(−v)

 , p(x) =
(
0 x
−x 0
)
. (3.10)
We further introduce
Rmn(τ) =


1
P (τw)
P (τv)

 , P (x) =
(
cos x sin x
− sin x cosx
)
, (3.11)
so that Rmn satisfies
0 = ∂τRmn − ωˆτ,mkRkn . (3.12)
Then, by an transformation of the form,
Oˆ ≡ (QR)−1O(QR) , (3.13)
the quadratic operator becomes
DˆBmn = R
k′
mQ
k
k′D
B
klQ
l
l′R
l′
n
= δmn∂
2 +Mmn − 2ρσ,mn∂σ , (3.14)
where Mmn = diag(0, w
2, w2, v2, v2) and ρσ,mn = R
k
mωˆσ,klR
l
n. After some algebra, we also
find that
det DˆBmn = (∂
2 + w2)2(∂2 + v2)2∂2
+4c2γk
2∂2σ∂
2
[
(1 +
w2
v2
)(∂2 + w2)(∂2 + v2) + 4c2γk
2(
w
v
)2∂2σ
]
(3.15)
+ 4s2γk
2(
ν
v
)2∂2σ(∂
2 + v2)
[
(∂2 + w2)(∂2 + v2) + 4c2γk
2∂2σ
]
.
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3.3 Fermionic fluctuation
Now, let us move onto the fermionic part. In order to evaluate the one-loop determinant,
it is useful to make a rotation of DF , so that the kinetic term is simplified to take the form
for two-dimensional fermions [40]. For this purpose, we introduce an element of SO(1, 9),
Qab =
(
qab 0
0 16×6
)
, qab =
1
M


κ −Ws
0 Ms
−W κWs/W
0 lsM


, (3.16)
where a, b = (t, φ1, φ2, φ3, ...); Ws ≡ asws,Ms = asms, W 2 ≡ ∑sW 2s ,M2 ≡ ∑sM2s ; 16×6 is
the 6 × 6 unit matrix; ls1 = ǫs1s2s3Ms2Ws3/MW . This was chosen so that Q ai˜ = e−ϕeai˜ for
i˜ = (0, 1), where ϕ is defined by the proportionality coefficient between the induced metric,
hij = e
a
i e
b
jηab, and the world-sheet metric through hij = e
2ϕηij. In our case, e
2ϕ = M2. We
then transform DF by the element of SO(1, 9) corresponding to Q
a
b, which we denote by
S(Q). Since S−1σaS = σbQba and hence
S−1σˆiS = e
ϕδ i˜iσ¯i˜ , (3.17)
this transformation replaces σˆi with σ¯i in the quadratic operator, to give a desired form. In
the following, we do not distinguish the indices i˜ and i. After some algebra, we then find
that
S−1(Q)DFS(Q) = e
ϕDˆF , (3.18)
where
DˆF = η
ijσ¯i
[
∂j − 1
4
ωj,ab(σ
ab)′
]
− 1
2
ǫijeϕσ¯iσ
′
∗σ¯j ,
= σ¯i∂i +Wσ¯
345 +
1
2MW
∑
a=0,1
∑
b=2,3
∑
c=4,5
αabc σ¯
abc , (3.19)
(σab)′ = S−1σabS, σ′∗ = S
−1σ∗S, and
α024 = −sγcγκ(c2ψm21 + s2ψm22 −m23) , α124 = (cγ/sγ)κm3w3 ,
α034 = sγsψcψw3(m1w2 −m2w1) , α134 = sγsψcψm3(m1w2 −m2w1) ,
α025 = sγsψcψκ(m
2
1 −m22) , α125 = sγsψcψκ(m1w1 −m2w2) ,
α035 = −sγcγ[m3w1w2 − w3(c2ψm1w2 + s2ψm2w1)] ,
α135 = sγcγ [m1m2w3 −m3(s2ψm1w2 + c2ψm2w1)] . (3.20)
In the above, we have assumed that none of as vanishes.
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Since eϕ is constant, we have now only to evaluate the determinant (pfaffian) of DˆF . To
proceed, we adopt the following explicit realization of the gamma matrices (just to evaluate
the determinants with respect to the spinor indices):
σ1 = τ3 ⊗ 1⊗ 1⊗ 1 , σ4 = τ2 ⊗ τ1 ⊗ 1⊗ 1 , σ7 = τ2 ⊗ τ2 ⊗ τ2 ⊗ τ3 ,
σ2 = τ1 ⊗ 1⊗ 1⊗ 1 , σ5 = τ2 ⊗ τ2 ⊗ τ3 ⊗ 1 , σ8 = τ2 ⊗ τ2 ⊗ τ2 ⊗ τ1 ,
σ3 = τ2 ⊗ τ3 ⊗ 1⊗ 1 , σ6 = τ2 ⊗ τ2 ⊗ τ1 ⊗ 1 , σ9 = τ2 ⊗ τ2 ⊗ τ2 ⊗ τ2 ,
(3.21)
σ0 = σ¯0 = 1, and σ¯a = −σa (a = 1, ..., 9), where τa are the Pauli matrices. With these
gamma matrices, DˆF takes the form
DˆF =
(
∆+F 0
0 ∆−F
)
⊗ 1 . (3.22)
Denoting by the same symbols the matrices which are obtained by extracting the first two
matrices in the tensor products in (3.21), for example, σ1 → τ3 ⊗ 1, one finds that
∆±F = σ¯
i∂i ∓Wσ¯012 + β1±σ¯024 + β2±σ¯124 + β3±σ¯034 + β4±σ¯134 , (3.23)
where
β1± =
1
2MW
(α024 ± α135) , β2± = 1
2MW
(α124 ± α035) ,
β3± =
1
2MW
(α034 ∓ α125) , β4± = 1
2MW
(α134 ∓ α025) . (3.24)
From this, it follows that
det∆±F = (∂
2)2 + 2W 2∂2 + 2(
4∑
n=1
β2n±)(∂
2
τ + ∂
2
σ) + 4(β1±β2± + β3±β4±)∂τ∂σ (3.25)
+ (
4∑
n=1
β2n±)
2 − 4(β1±β2± + β3±β4±)2 + 2(β21± − β22± − β23± + β24±)W 2 +W 4 .
The final one-loop contribution of the fermionic sector is then represented by
pf DˆF = det∆
+
F det∆
−
F . (3.26)
Given this result, it would be interesting to generalize the analysis in [30, 32] to the generic
three-spin constant radii solution.
Change of functional bases
As in the case of DBmn, it turns out that the form of det∆
−
F in (3.25) is not convenient
for our purpose. Thus, we make a change of bases again. To this end, we introduce a 4 × 4
matrix
R(α) = 1⊗ P (τα) , (3.27)
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with P (x) given in (3.11). One then finds that detR−1(α)∆±FR(α) is given just by replacing
β3± in (3.25) with β3± − α. With this in mind, we define
∆ˆ±F ≡ R−1(β3±)∆±FR(β3±) , (3.28)
so that β3± in (3.25) are set to be zero. This transformation for ∆
+
F is not inevitable for our
purpose, but simplifies later computations.
Now, we focus on the J1 = J2 three-spin solution. In this case,
β1± = −cγm(κ± ν)
2W
, β3± =
w(ν ∓ κ)
2W
, β2± = β4± = 0 , (3.29)
and hence
det ∆ˆ±F = (∂
2)2 + 2W 2∂2 + 2β21±(∂
2
τ + ∂
2
σ) + (β
2
1± +W
2)2 . (3.30)
One can confirm that the original determinants in (3.25) with (3.29) reproduce the charac-
teristic frequencies obtained in [29].2
4 One-loop effective action and large J expansion
In this section, based on the results in section 3, we consider the one-loop effective action of
the GS string in the J1 = J2 three-spin background. For this background, the corresponding
gauge theory operators have been identified [9], and there exit some parameter regions where
the fluctuations are stable [20, 29]. We develop a large J (total spin) expansion of the one-loop
effective action, and compute it in a closed form up to and including O(1/J).
Collecting the contributions from the bosonic, the fermionic and the ghost sectors, the
one-loop effective action is given by
eiΓ
(1)
=
Det(∆ˆ+F )Det(∆ˆ
−
F )Det(−∂2)
Det
1
2 (DBpq)Det
1
2 (DˆBmn)
, (4.1)
where Det stands for the functional determinant. To develop a large J expansion, we expand
the fluctuation operators with respect to ν with ∂i and m fixed:
∂2 + κ2 = (∂2 + ν2) + 2M2 ,
det DˆBmn/∂
2 = (∂2 + ν2)4 + 2
[
(2− s2γ) + 2s2γ
∂2σ
∂2
]
m2(∂2 + ν2)3 (4.2)
+ 8c2γm
2∂2σ(∂
2 + ν2)2 + · · · ,
det ∆ˆ±F = (∂
2 + ν2)2 + 2M2∂2 + 2β21±(∂
2
τ + ∂
2
σ) + 2ν
2(M2 + β21±) + · · · .
Note that J = ΣsJs ∼
√
λν and M2 ∼ 2m2J1/J for large ν. This expansion is also regarded
as that with respect to the power of ∂2+ν2, or the power of winding number m. The validity
2Precisely, the world-sheet momenta here are integer moded, whereas those in [29] are half-integer moded:
We have started with an su(2) rotated coordinates [20], and do not need a σ-dependent rotation.
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of the expansion becomes clear shortly. Denoting the subleading terms for det DˆBmn/∂
2 and
det ∆ˆ±F by δDˆ
B
mn and δ∆ˆ
±
F , respectively, and plugging (4.2) into (4.1), we find that the leading
terms cancel each other. This is a consequence of the asymptotic BPS condition [21], or
confirms the result for the point-like BMN solution. We are then left with
iΓ(1) =
∑
η=±
Tr log
(
1 +
δ∆ˆηF
[∂2 + ν2]2
)
(4.3)
− 2Tr log
(
1 +
2M2
∂2 + ν2
)
− 1
2
Tr log
(
1 +
δDˆBmn
[∂2 + ν2]4
)
.
We would like to evaluate these terms by expanding the logarithms around unity. To
check if that is possible, we first consider functional traces of the form
Tr
(∂2τ )
a(∂2σ)
b
(∂2)c(∂2 + ν2)d
. (4.4)
Since we are working with a Lorentzian world-sheet, we define the trace by the standard iǫ
prescription. We denote the volumes of the world-sheet time and space by T and 2πL, the
derivatives ∂τ and ∂σ in the momentum space by iω and ipn = in/L (n ∈Z), respectively.
Then, the trace reads iT
∑
n
∫ dω
2pii
, and the ω-integral here picks up the poles on the negative
real axis. If one can approximate the summation of pn by an integral, one easily finds the
leading large ν behavior of the trace in (4.4) to be
TL
1
ν2(c+d−a−b−1)
. (4.5)
Here, we have to be a little careful about the infrared behavior: The approximation by
an integral requires that the derivatives of the resultant integrand do not grow too large, but
this may not hold for pn ∼ 0 because of the operator 1/∂2. Fortunately, in our case, this
“massless” operator appears always in the combination ∂2σ/∂
2. From this, one can confirm,
by evaluating the most singular terms for pn ∼ 0, that the infrared behavior does not spoil
the scaling in (4.5) for the terms which we consider. Using this scaling, we find that the
expansion of the logarithms in (4.3) around unity actually gives a large ν (or J) expansion.
More precisely, to evaluate the infrared behavior, we first divide the summation over n
into two parts, i.e., that over |n| <∼ νL and |n| >∼ νL. The latter can be safely approximated
by an integral by scaling ω, pn to ω/ν, pn/ν. The contribution which can be most singular for
pn ∼ 0 comes from the residue of the pole at ω = −pn, and behaves as ∑n ν−2dp1+2(a+b−c)n .
Thus, for 2(c− a− b)− 1 ≤ 0, this is infrared finite and the approximation by an integral is
allowed.
The validity of the expansion is confirmed also as follows: The iǫ prescription implies that
the functional trace is given by a continuation from the Euclidean case. Then, one can easily
check that, for large ν, the “subleading” terms in (4.2) are indeed smaller than the leading
terms (some powers of (∂2 + ν2)) irrespectively of the values of ∂2τ,σ.
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We remark that if we use DBmn and ∆
−
F instead of Dˆ
B
mn and ∆ˆ
−
F , we encounter the operator
(∂2)2+4ν2∂2τ instead of (∂
2+ν2)2 for the leading terms, and its infrared behavior prevent the
expansion of the logarithms for the large J expansion. This is essentially the same problem
as in [29] (see [30]). In other words, for small ∂τ , (∂
2)2 + 4ν2∂2τ can be smaller than other
“subleading” terms, which invalidates the expansion.
Also, in general, one has to be careful about conjugation of a differential operator D by a
time-dependent operator in evaluating the determinant of D. However, the time-dependent
operators in our case are harmless, since they are rotation operators (e.g., (3.11)) which are
essentially the same as operators such as eicτ with c a constant. To see this, first note that
such operators just shift a pair of characteristic frequencies by a constant: ωn → ωn± c, and
these shifts are irrelevant to logDetD = Tr logD ∼ ∑ωn; the plus and minus shifts cancel
each other. One can confirm this by a simple example. For example, by the conjugation
using P (τν), P−1(τν)
(
∂2 2ν∂τ
−2ν∂τ ∂2
)
P (τν) = diag (∂2 + ν2, ∂2 + ν2) and hence
Det(∂4 + 4ν2∂2τ ) = Det(∂
2 + ν2)2 . (4.6)
The characteristic frequencies of (∂4 + 4ν2∂2τ ) are ωn =
√
p2n + ν
2 ± ν, whereas those of
(∂2 + ν2)2 are ωn =
√
p2n + ν
2 with double degeneracy. Thus, the sum of the characteristic
frequencies is actually the same. Second, note that the rotation operators may not change
the norm of the functions and hence the Hilbert space. Finally, in the actual calculation, we
first put a cut-off for large |τ | following the standard procedure of field theory. Then, the
volume of the time T is factored out as in (4.8). Therefore, subtleties about τ → ±∞, if any,
may not be relevant to the final results.
We are now ready to evaluate Γ(1). Once the expansion of the logarithms is allowed, the
problem reduces to an ordinary calculation of an effective action in field theory. In fact, our
expansion is essentially the same as the large (mass)2 ∼ ν2 expansion which guarantees the
decoupling of heavy particles. This enables us to systematically compute Γ(1) up to higher
order terms in the 1/ν expansion. One then finds that, up to and including O(1/ν), the first
expansion of the logarithms is enough, and the terms in the ellipses in (4.2) do not contribute.
Denoting each term in (4.3) by I±F , IAdS5 and IS5, respectively, they are
I±F ∼ iT
∑
n∈Z
[
M2√
p2n + ν
2
+
ν2β21±
(p2n + ν
2)
3
2
]
, IAdS5 ∼ iT
∑
n∈Z
−2M2√
p2n + ν
2
, (4.7)
IS5 ∼ iT
∑
n∈Z
[(s2γ − 2)m2/2√
p2n + ν
2
+ c2γm
2 p
2
n
(p2n + ν
2)
3
2
− s
2
γm
2
ν2
(
p2n√
p2n + ν
2
− |pn|
)]
,
where β21+ ∼ c2γm2, β21− ∼ 0 at this order. Combining all, we arrive at
iΓ(1) ∼ −iTLM2 · C , (4.8)
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with
C =
1
Lν2
∑
n∈Z
(
p2n + (ν
2/2)√
p2n + ν
2
− |pn|
)
. (4.9)
One can check that C is ultraviolet finite, in accord with [41]. It is also possible to evaluate
C in a closed form for large ν. Summing up the summand as indicated above (namely,
first summing the terms in the parenthesis for given n and then summing over n) can be
approximated by integration, and gives C ∼ 1/2. We summarize the evaluation of C in the
appendix.
Here, there may be some issues to be considered. One is about regularization: Although
C is finite in the above combination, each term in (4.3) or (4.7) is divergent. (Recall that
the final result is obtained by (infinite bosonic contributions) − (infinite fermionic contribu-
tions). ) Thus, one needs to regularize them, and the value of C may change with a different
regularization. For instance, if we adopt the zeta-function regularization for each divergent
sum in (4.9), we obtain C ∼ −1/2. (See the appendix.) Another related issue is about
finite renormalization: Since there are infinities in the intermediate steps, one may also need
to take into account, in general, possible finite renormalization or contributions from finite
counter terms. In a renormalizable theory, observables do not depend on regularization and
renormalization procedure. Ambiguities of finite parts are fixed by appropriate renormaliza-
tion conditions so as to maintain the symmetry. We will return to these issues at the end of
section 7.
5 SU(2) sector
In this section, we consider a class of solutions which is obtained by setting in (3.1) and
(3.2)
a3 = w3 = m3 = 0 (5.1)
(with J1 6= J2 generally). This has two spins in S5, and is called the SU(2) sector. The
corresponding gauge theory operators have been identified in [14]. Since w3 = m3 = 0 but
ν 6= 0 generally, one may not use relations such as w23 = ν2 + m23, which have been used
so far (even before specializing to the J1 = J2 three-spin case). Thus, we repeat the same
procedure from the beginning for this much simpler case, and just display the results.
Let us begin with the bosonic sector. The fluctuations in the AdS5 part are described by
(3.5), and its determinant by (3.6). For the S5 part, the quadratic operator takes the form
DBmn = δmn∂
2 + 2(ωτ,mn∂τ − ωσ,mn∂σ) +Nmn , (5.2)
where the non-vanishing ωi,mn are ωi,φ1ψ = −a2∂iφ1 , ωi,φ2ψ = a1∂iφ2; Nmn is a diagonal
matrix with Nγγ = Nφ3φ3 = ν
2 and others zero. This is different from the corresponding
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operator in (3.7) by this mass term (in addition to the form of ωi,mn). Its determinant is
detDBmn = ∂
2(∂2 + ν2)2[∂4 + a21Ω
2
2 + a
2
2Ω
2
1] . (5.3)
Since DBmn is non-trivial only for m,n = (φ1, φ2, ψ), we first focus on this part. Similarly to
the previous case, we then make a transformation of the type (3.13) with
Qmn =
1
w˜


a1w2 a2w1 0
a2w1 −a1w2 0
0 0 w˜

 , R
m
n =
(
1 0
0 P (τw˜)
)
, (5.4)
and w˜2 ≡ a21w22 + a22w21 = ν2 + a21m22 + a22m21. This gives the same form of the quadratic
operator as in (3.14) with Mmn = diag(0, w˜
2, w˜2). Combining it with the trivial part from
m,n = (γ, φ3), we find that
det DˆBmn = ∂
2(∂2 + ν2)2
[
(∂2 + w˜2)2 + A1
∂2σ
∂2
(∂2 + w˜2) + A2∂
2
σ
]
, (5.5)
where
A1 =
[
2(m1w1 +m2w2)
w˜
]2
, A2 =
[
2a1a2(m1w2 −m2w1)
w˜
]2
. (5.6)
Let us move on to the fermionic part. The quadratic fluctuations are described by the
operator (2.11). We then make an SO(1, 9) transformation as before. In this case, the
corresponding element of SO(1, 9) turns out to be given by (3.16) with the two-spin condition
(5.1). (Note that ls becomes (0, 0, 1).) Proceeding similarly, one also finds that the pfaffian
of the transformed operator DˆF is given by the same formulas, (3.25) and (3.26), with
β1± = β2± = 0 , (5.7)
β3± = ∓ a1a2
2MW
κ(m1w1 −m2w2) , β4± = ∓ a1a2
2MW
κ(m21 −m22) .
(M,W are defined as in three-spin case.) To simplify the expression, we further make a
rotation (3.28), so that β3± are removed. We then arrive at
det ∆ˆ±F = (∂
2 + ν2)2 + 2M2∂2 + 2β24(∂
2
τ + ∂
2
σ) + (2ν
2 + β24 +M
2)(β24 +M
2) , (5.8)
where β24 ≡ β24±.
Given these results, one can compute the one-loop effective action for the two-spin case.
Up to and including O(1/ν), it is given by the same formula as (4.8) and (4.9). In this case,
M2 = a21m
2
1 + a
2
2m
2
2 ∼ α(1− α)(m1 −m2)2, where α ≡ J1/(J1 + J2).
The fluctuations of the SU(2) case are not stable. However, we did not see any signals of
instability. We also note that the results for the two-spin case with J1 = J2 are obtained by
setting cγ = 0 (J3 = 0) in the J1 = J2 three-spin results. These suggest that our computation
gives a smooth continuation from the stable case, at least at this order.
13
6 SL(2) sector
There is another interesting class of simple solutions which has one spin in AdS5 and one
in S5 [10]. This is called the SL(2) sector. The fluctuations around these solutions are stable
for large spins. The corresponding gauge theory operators have been identified in [34].
6.1 Solution
The constant radii solution in the SL(2) sector is given by
Z0 = a0 e
iκτ , Z5 = a5 e
i(uτ+kσ) , Z1 = a1e
i(wτ+mσ) , (6.1)
where a0, a1, a5, κ, u, w are constant with a
2
0− a25 = 1 and a1 = 1; k,m are integers (when the
period of σ is 2π). Other fields are vanishing. The equations of motion give a constraint
u2 = κ2 + k2 . (6.2)
Introducing (W5,W1) ≡ (a5u, w) and (M5,M1) ≡ (a5k,m), the Virasoro constraints read
a20κ
2 = W 2 +M2 , 0 = W ·M . (6.3)
The conserved charges are the space-time energy, E =
√
λa20κ, and the spins in AdS5 and
S5, S =
√
λa25u and J =
√
λw, respectively.
In the following, we are interested in the large spin limit with k and α ≡ S/J fixed.
Since the number of the independent parameters are three, we are left with only one free
parameter. We take ν2 ≡ w2 − m2 as this free parameter, and consider the large ν limit.
Some useful relations are m = −αk and, for large ν,
κ ∼ ν[1 + k
2
ν2
α(α + 1)] , u ∼ ν[1 + k
2
2ν2
(2α2 + 2α+ 1)] ,
w ∼ ν[1 + k
2
2ν2
α2] , a25 ∼ α[1−
k2
2ν2
(1 + α)2] ,
M2 ∼ α(1 + α)k2[1− k
2
2ν2
(1 + α)] .
(6.4)
Note also that J ∼ √λν.
6.2 Bosonic fluctuation
From (2.5), it is straightforward to read off the bosonic fluctuation operator: The S5 part
is given by
DBmn = diag(∂
2, ∂2 + ν2, ∂2 + ν2, ∂2 + ν2, ∂2 + ν2) , (6.5)
with m,n = (φ1, φ2, φ3, ψ, γ), whereas the AdS5 part is
DBpq =
(
D1pq 0
0 D2pq
)
, (6.6)
D1pq = −ηpq∂2 + 2ωi,pq∂i , D2pq = diag(∂2 + κ2, ∂2 + κ2) ,
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with p, q = (t, φ5, ρ, θ, φ4). The non-vanishing ωi,pq are ωi,tρ = −a5∂it and ωi,φ5ρ = a0∂iφ5.
Thus,
detDBmn = ∂
2(∂2 + ν2)4 , (6.7)
detDBpq = −∂2(∂2 + κ2)2[∂4 − 4a25κ2∂2τ + 4a20(u∂τ − k∂σ)2] .
These give the same characteristic frequencies as in [31].
For the large ν (or J) expansion, we further make an SO(1, 2) rotation of the type (3.13)
for the (t, φ5, ρ) part. In this case,
Qpq =
1
u˜


a0u a5κ 0
a5κ a0u 0
0 0 u˜

 , R
p
q =
(
1 0
0 P (−u˜τ)
)
, (6.8)
with u˜2 = a20u
2 − a25κ2 and P (x) given in (3.11). Then, the fluctuation operator becomes
Dˆ1pq = −ηpq∂2 +Mpq − 2ρσ,pq∂σ , (6.9)
where Mpq = diag (0, u˜
2, u˜2) and ρσ,pq are defined similarly to the previous cases. Combining
this with the trivial part from p, q = (θ, φ4), we find that
det DˆBpq = −∂2(∂2 + κ2)2
[
(∂2 + u˜2)2 − B1∂
2
σ
∂2
(∂2 + u˜2) +B2∂
2
σ
]
, (6.10)
with
B1 =
(
2a0a5κk
u˜
)2
, B2 =
(
2a20uk
u˜
)2
. (6.11)
6.3 Fermionic fluctuation
Let us move on to the fermionic part. To simplify the kinetic term, we make an SO(1, 9)
rotation with
Qab =
(
qab 0
0 17×7
)
, qab =
1
M


a0κ −Ws
0 Ms
−W a0κWs/W

 , (6.12)
where a, b = (t, φ5, ρ, θ, ....) and s = (5, 1). After this rotation, one finds the following
fluctuation operator,
DˆF = σ¯
i∂i + aσ¯
345 + cσ¯023 + dσ¯123 , (6.13)
with
a = a0κ
M5
M
, c =
a5κ
2MW
(a20k
2 +M2) , d = −a
2
0a5κuk
2MW
. (6.14)
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Here, we have labelled (t, φ5, ρ, θ, ρ4) as (0, 1, 3, 4, 5) and (φ1, ...) as (2, 6, 7, 8, 9).
With the explicit forms of σa in (3.21), DˆF takes a simple form
DˆF =
(
∆+F 0
0 ∆−F
)
⊗ 1 , (6.15)
where
∆+F =
(
∆+1 0
0 ∆+2
)
, ∆+1 =
(
∂− + i(c + d) a
−a ∂+ − i(c− d)
)
, (6.16)
∆+2 (a, c, d) = ∆
+
1 (a,−c,−d), ∆−F (a, c, d) = ∆+F (−a, c, d), and ∂± = ∂τ ± ∂σ. From these, one
finds that
pf DˆF = det∆
+
F det∆
−
F ,
det∆+F = det∆
−
F (6.17)
=
[
∂2 + 2i(d∂τ + c∂σ) + (c
2 − d2 + a2)
][
∂2 − 2i(d∂τ + c∂σ) + (c2 − d2 + a2)
]
.
This gives the characteristic frequencies
ωn = ǫ1d+ ǫ2
√
(n + ǫ1c)2 + a2 , (6.18)
with ǫ1, ǫ2 = ±1. Although the parameters (a, c, d) might look different at first from those
in [31], one can show that they are actually the same (up to signs) by using relations among
parameters.
It turns out that we do not have to perform further rotations as in the previous cases.
However, it is useful to note that the terms with id∂τ can be removed by a simple“rotation”:
e±idτ [∂2 ± 2i(d∂τ + c∂σ) + (c2 − d2 + a2)]e∓idτ = ∂2 + (a2 + c2)± 2ic∂σ . (6.19)
6.4 One-loop effective action
To compute the one-loop effective action, we collect all contributions, including the ghost
part, and expand the operators for large ν, to find that
iΓ(1) = −Tr log
(
1 +
b1
∂2 + ν2
)
+ 4Tr log
(
1 +
b2 + 2ic∂σ
∂2 + ν2
)
(6.20)
−1
2
Tr log
[
1 +
2b3
∂2 + ν2
+
b23 +B2∂
2
σ
(∂2 + ν2)2
− B1∂
2
σ
∂2
( 1
∂2 + ν2
+
b3
(∂2 + ν2)2
)]
,
with
b1 = κ
2 − ν2 , b2 = a2 + c2 − ν2 , b3 = u˜2 − ν2 . (6.21)
16
Then, up to and including O(1/ν), the one-loop effective action in this case becomes
iΓ(1) ∼ +iTLM2 · C , (6.22)
where M2 ∼ α(1 + α)k2 and C is given by (4.9).
7 Correction to space-time energy
Summarizing, up to and including O(1/ν) ∼ O(1/J), the one-loop effective actions are
given by a universal form,
iΓ(1) ∼ ∓iTLM2 · C , (7.1)
with the minus sign for the J1 = J2 three-spin and the two-spin SU(2) cases, and the plus
sign for the SL(2) case. We call the former two cases the S5 case in the following. The
parameter ν was defined in (3.2) for the S5 case, and above (6.4) for the SL(2) case, which
was related to the total SO(6) spin by J ∼ √λν for large ν. T and 2πL were the volumes of
the world-sheet directions τ and σ, respectively, whereas C was given by (4.9). M was given
in terms of the winding numbers by equations below (3.16) and (6.2). It also has a unified
geometrical expression M2 = 1
2
ηijGµν∂ix
µ∂jx
ν =
√
− det hij with hij the induced metric. In
terms of spins, this was expressed as
M2 =
1
2
ηijGµν∂ix
µ∂jx
ν (7.2)
∼


2m2J1/(2J1 + J3) (J1 = J2 3-spin case)
α(1− α)(m1 −m2)2 , α = J1/(J1 + J2) (SU(2) case)
α(1 + α)k2 , α = S/J (SL(2) case)
.
Formally, the results in (7.1) for the SU(2) and the SL(2) cases are related by replacing the
filling fractions as αSU(2) → −αSL(2) with an identification of m1 −m2 and k.
7.1 Comparison with the gauge theory side
From these one-loop effective actions, one can obtain the corrections to the space-time
energy E(1). First, let us note that, in general, a one-loop effective action is interpreted as
the one-loop correction to the (world-volume) energy with the expectation values of fields
fixed (see, e.g., [42]). A simple way to confirm this is to express the one-loop effective action
as a summation over characteristic frequencies (as in (7.12)). In our case, this means that
Γ(1) is proportional to the one-loop correction to the world-sheet energy:
Γ(1) = −TE(1)2d . (7.3)
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Second, the correction to the world-sheet energy is translated into that of the space-time
energy [43] as
E(1) =
1
κ
E
(1)
2d , (7.4)
because of t = κτ . Therefore, up to and including O(1/J2),
E(1) ∼ ±CM
2
κ
+O(1/J3) ∼ ±
√
λC
M2
J
, (7.5)
with the plus sign for the S5 case, and the minus sign for the SL(2) case. Here and in the
following, we set L = 1. Comparing these with the classical expressions,
E(0) =


J + λ
M2/2
J
+O(λ2/J3) (S5 case)
S + J + λ
M2/2
J
+O(λ2/J3) (SL(2) case)
, (7.6)
one finds that the M2-dependence of E(1) is the same as that of the first subleading term in
the classical expression.
One can also compare (7.5) with the gauge theory results. On the gauge theory side, the
corresponding quantity is the 1/J correction to the anomalous dimension at order λ [32]-[36],
γ(1) = ± λ
2J2
[
M2 +KSL(2),SU(2)(M
2)
]
, (7.7)
where KSL(2),SU(2)(M
2) are certain functions of M2 and called the “anomaly” terms [32, 36].
Thus, E(1) has the same M2-dependence of the first (“zero-mode”) term of γ(1). Note that, if
C(+ possible contributions from finite counter terms) ∼ 1/ν, the J- and the λ-dependences
also match: E(1) ∼ λM2/J2. In addition, the zero-mode (n = 0) part of C, i.e., 1/2ν, gives
exactly the same contribution to E(1) as the zero-mode term of γ(1).
7.2 Relation to the results in the literature
In the literature, the one-loop correction to the space-time energy has been studied by
summing up the characteristic frequencies. It was computed numerically for the J1 = J2
three-spin case and the SU(2) case with two equal spins in [30], and for the SL(2) case in
[31]. The result of the SL(2) case was matched with the 1/J correction to the anomalous
dimension (7.7) including the anomaly terms [32]. An agreement was also found in the SU(2)
case with two equal spins, up to subtleties due to the instability. Thus, in these cases,
E
(1)
literature = γ
(1) . (7.8)
This is to be compared with our result (7.5). First, the zero-mode parts of E
(1)
literature are the
same as those on the gauge theory side in (7.7) [32] and hence as ours. However, the full
18
expression of E
(1)
literature and the numerical results in [30] do not have a simple polynomial
dependence on the winding numbers or M2. As for the J-dependence, if we evaluate C by
a simple summation explained below (4.9), C ∼ 1/2 and the J-dependence does not match,
either. (However, see the discussions below (4.9) and (7.7).) Thus, the results in the literature
and ours appear to be different. In this subsection, we would like to discuss this point in
more detail.
First, we note that a one-loop effective action may be in general expressed either as a
functional determinant (or a trace as in (7.9)), or as a summation over characteristic frequen-
cies (as in (7.12)). Thus, our method is equivalent to those in [30, 31] before the summation.
The agreement of the zero-mode contributions supports this. The apparent difference of the
results is then understood as due to the difference of the methods of evaluation of the same
quantity and extraction of its large J behavior. We have used the effective action language,
since this is a useful tool for our purpose. In terms of it, the point of our method may be
summarized as a choice of convenient functional bases for evaluating the one-loop effective
action and space-time energy.
In order to see how apparent parameter dependence looks different depending on the way
of evaluation and expansion, it may be useful to consider a simplified example of a one-loop
effective action,3
iΓ(1) = Tr log(∂2 + ν2) + Tr log(∂2 + ν2 + 2k2)− 2Tr log(∂2 + ν2 + k2) , (7.9)
with ν large and k of order one. Following our computations in the previous sections, one
can combine all terms, to find
iΓ(1) = Tr log
(
1 +
2k2
∂2 + ν2
)
− 2Tr log
(
1 +
k2
∂2 + ν2
)
. (7.10)
The expansion of the logarithms gives a well-defined large ν expansion. For example, the
first non-trivial term is
iΓ(1) ∼ Tr −k
4
(∂2 + ν2)2
= −iT
4
∑
n
k4
(p2n + ν
2)3/2
∼ −iTL k
4
4ν2
· c , (7.11)
where we have approximated the sum by an integral, and c =
∫
dx(x2 + 1)−3/2 = 2.
On the other hand, by a standard procedure, Γ(1) is written as a sum over characteristic
frequencies as
iΓ(1) ∼ iT ∑
n
(√
p2n + ν
2 +
√
p2n + ν
2 + 2k2 − 2
√
p2n + ν
2 + k2
)
, (7.12)
up to an additive constant. Following [31, 32], one may expand each term with respect to
1/ν2, to find
iΓ(1) ∼ iTν∑
n
∑
j=1
cj(pn, k)
ν2j
, (7.13)
3For the purpose of this subsection, one may take an even simpler example such as Tr log(∂2+ ν2+ k2)−
Tr log(∂2 + ν2), although this is logarithmically divergent.
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with cj(pn, k) 2j-th polynomials of pn and k. The parameter dependence of (7.13) is in fact
very different from that of (7.11).
Here, we would like to make a comment on the expansion in (7.13). Although the original
series is convergent, pn in the summation can be larger than ν, and the terms with larger j
become potentially more divergent.4 This subtlety can be rephrased also as follows. First,
let us define
f(s) ≡ Γ(1)/(Tν) =∑
n
gn(s) , (7.14)
where s = 1/ν2 and gn(s) =
√
1 + sp2n +
√
1 + s(p2n + 2k
2) − 2
√
1 + s(p2n + k
2). The above
expansion corresponds to the expansion of f(s) around s = 0 (J =∞),
f(s) = f(0) + sf ′(0) + · · ·
∼ s∑
n
g′n(0) . (7.15)
Note that, to obtain the last expression, one needs to use f ′(0) =
∑
n g
′
n(0). By a basic
result of analysis, a (sufficient) condition for such termwise differentiability is the uniform
convergence of
∑
n g
′
n(s) around s = 0, in addition to the pointwise convergence of
∑
n gn(s)
there. However, for large n, gn(s) ∼
√
sk4/(pn)
3 and hence g′n(s) ∼ k4/(
√
sp3n), which implies
that
∑
n g
′
n(s) is not uniformly convergent around s = 0. Since larger and larger n becomes
relevant as s approaches zero, it seems to be difficult to study this subtlety numerically.5
In addition, to consider the relation between expansion methods and parameter depen-
dence further, it may also be useful to observe what would happen if we did not make the
rotations of the functional bases which we had performed to make the large J expansion
well-defined. For example, in the SL(2) case, if we use D1pq in (6.6) instead of Dˆ
1
pq in (6.9),
we have
−1
2
Tr log
(
1 +
b′1∂
2
τ + b
′
2∂
2
σ + b
′
3∂τ∂σ
∂4 + 4ν2∂2τ
)
(7.16)
4In this example, c1 = 0, whereas, in the original case in [31, 32], the first term in the expansion gives the
finite leading correction. Regarding the divergences for cj≥2, see a footnote in [32].
5Although the characteristic frequencies take different and more complicated forms, the expansion coef-
ficients of Γ(1) in [31] are divergent as in (7.13), except in the leading term. Thus, the expansion is not
defined. We also remark that the order of limits, i.e., limN→∞
∑N
n first and then ν (∼ J) → ∞, has been
changed in the expansions in [31] and (7.13). In the numerical computation in [30], a summation of the form
S =
∑
n f(n/κ) is first split into two parts as S = (
∑
|n|<N+1+
∑
|n|>N+1)f(n/κ) ≡ S1 + S2. S1 is then
numerically evaluated, whereas S2 is regarded as the error. To estimate S2, an approximation by an integral
in [29] is used: f(xi) =
∫ xi+1
xi
dx g(x) +O(1/κ5) , where g(x) is a certain function, and xi = ni/κ. Although
S2 is estimated in [30] as S2 =
∫∞
N/κ dx g(x) + O(1/κ5), the above approximation of f(xi) by an integral is
just for a single term f(xi) and thus the total error for S2 derived from it is O(L/κ5), where L is the number
of terms in S2. Since L =∞ in this case, the estimation of the error should be refined. In fact, the quantum
corrections in Fig.1-5 in [30] at q = 0 (s2γ = 0 in our notation) do not vanish, although it should vanish since
q = 0 corresponds to the point-like BPS (BMN) solution.
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instead of the second line in (6.20). Here, b′1,2 are of order one, b
′
3 is of order ν, and we have
used (4.6). Suppose that one can expand the logarithm. Then, evaluating the ν-dependence
similarly to section 4, one finds that there are infinitely many terms up to and including
O(1/ν) due to the infrared behavior. Thus, this expansion may not be valid in general. A
formal expansion gives
iΓ(1) ∼ iT k
2
ν
[c′1 + c
′
2(kL)
2 + c′3(kL)
4 · ·· ] , (7.17)
with c′j some constants. The E
(1) which is read off from this Γ(1) scales as 1/J2 and has
complicated k2-dependence as in (7.7) with the anomaly terms.
We have discussed how the difference between our results and those in the earlier works
arises. Actually, our work is an attempt to overcome the difficulties in the earlier works
discussed above. In our method, the one-loop effective action and space-time energy can be
computed as a systematic and well-defined expansion of 1/J including higher order terms.
It is also possible to obtain closed forms of the expansion coefficients such as C in (4.9).
As discussed at the end of section 4, one has to regularize infinities in the intermediate
calculations, and the final finite part should be fixed so as to maintain the symmetry of the
theory. (Note that this issue is common to the methods in the earlier works.) In fact, one can
confirm that our results maintain the symmetry: the final result is compactly expressed as a
geometrical invariant (see (7.2)) and correctly vanishes in the BPS cases (m,m1,2, k = 0). It
is an interesting question if there are further possibilities to shift the finite part while keeping
the symmetry maintained. Also, a very non-trivial agreement of the string and the gauge
theory results is found in [32] based on [31], in spite of the difficulties in [31] concerning the
large world-sheet momenta n ≫ J . Therefore, the excitation modes with large n would be
important to understand the differences among our results, those in [30, 31] and those in the
gauge theory. Note that such high excitation modes are not well-understood in the context
of AdS/CFT correspondence. For example, it is not known to what these correspond on the
gauge theory side even in the pp-wave case.
8 Conclusions
In this paper, we discussed quantum fluctuations of the constant radii rotating strings
in AdS5 × S5. Using a functional method, we developed a systematic method to compute
the one-loop sigma-model effective actions in closed forms as expansions for large spins. A
point was the change (rotation) of functional bases to make the expansion well-defined. As
examples, we explicitly evaluated the leading terms (up to and including O(1/J)) for the
strings in the SO(6) sector with two equal spins, the SU(2) sector, and the SL(2) sector.
We would like to note that, in our method, it is straightforward to compute higher order
terms (up to any given order, in principle). We moreover obtained the one-loop corrections
to the space-time energy up to and including O(1/J2). Comparing these with the finite
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size corrections to the anomalous dimension on the gauge theory side, we found that the
dependence on the winding numbers and the filling fractions agreed with that of the “non-
anomalous”(zero-mode) part on the gauge theory side. Relation to the earlier results in the
literature was also discussed.
An obvious future direction is to probe quantum effects for more general cases such as
the folded and the circular solutions in [6], by generalizing the method in this paper. In fact,
this was one of the original motivations of this work. Also, the comparison with the results
on the gauge theory side or in [31, 32] indicates that it is important to understand the issue
of the order of limits, as has been pointed out in the literature of the rotating string/spin
chain correspondence.
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Appendix : Evaluation of C
In this appendix, we explain how to evaluate C in (4.9) for large ν. As discussed in section
4, the result can depend on the way of calculation (regularization).
First, we evaluate C by first summing the terms in the parenthesis in (4.9) for given n
and then summing over n. This sum can be approximated by an integral using the Euler-
Maclaurin formula,
N∑
n=0
f(a+ nδ) (A.1)
=
1
δ
∫ a+Nδ
a
f(x) dx+
1
2
[f(a) + f(a+Nδ)] +
δ
12
[f ′(a+Nδ)− f ′(a)] +O(δ2f ′′) ,
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where the prime stands for the derivative. Setting δ = 1/(νL) and f(x) = δ · (x2+1/2√
x2+1
− x),
we then find that, for large N ,
C ∼ −δ
2
+ 2
N∑
n=0
f(nδ) = +
1
2
+
1
6(νL)2
+O
( 1
(νL)3
,
νL
N
)
. (A.2)
Since f ′′(x) is bounded for x ∈ (0,∞), the error does not grow, as discussed in section 4.
Second, for example, we may also adopt the zeta-function regularization (see, e.g., [44])
for each divergent sum in C. For this purpose, we introduce
ζ(z, µ) ≡ ∑
n∈Z
1
(n2 + µ2)z
=
1
Γ(z)
∫ ∞
0
ds sz−1e−µ
2sθ3(is/π) , (A.3)
where µ > 0 and θ3(τ) =
∑
n∈Z q
n2/2 with q = e2piiτ . The second equation gives an ana-
lytic continuation in z. We then make a change of variables, u = µ2s, perform the modu-
lar transformation θ3(τ) = (−iτ)−1/2θ3(−1/τ), and expand the resultant theta function as
θ3(iπµ
2/u) = 1+2
∑
n=1 e
−(piµn)2/u. After the integration, the terms from the sum over n ≥ 1
are expressed by a Bessel function as 2
√
pi
Γ(z)
(µ/πn)1/2−zK1/2−z(2πµn). These are exponentially
suppressed for large µ, since Kν(x) ∼ x−1/2e−x for large x. Thus, we find that
ζ(z, µ) = µ1−2zB(
1
2
, z − 1
2
) +O(µ−ze−2piµ) (A.4)
for large µ, where B(x, y) is the beta function. Applying this to each sum in C, we encounter
some singular expressions at intermediate steps. We regularize them by shifting z as z + ǫ.
Consequently,
C ∼ 1
(νL)2
[
ζ(−1
2
+ ǫ, νL)− 1
2
(νL)2ζ(
1
2
+ ǫ, νL)− 2ζ(−1)
]
. (A.5)
Carefully taking the limit ǫ → 0, we find that the leading contributions from the first two
terms cancel each other, and
C ∼ −1
2
+
1
6(νL)2
+O
(e−2piνL√
νL
, ǫ
)
. (A.6)
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